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$Il\mathrm{h}\mathbb{R}$ . $I$ $\mathbb{R}$ – . ,
$I=(a, b)$ $-\infty\leq a<b\leq\infty$
. $\epsilon\geq 0,$ $\lambda>0$ , $J=\{e^{-\lambda t} : t\in I\}$ .
1 3 , $\lambda=1$ Alsina-Ger [1] , $\lambda\in \mathbb{R}\backslash \{0\}$
. $\lambda>0$ , $\lambda<0$
, $\lambda>0$ .
1 $f:Iarrow \mathbb{R}$ , $f^{J}$ $f$ . .
(i) $f’\leq\lambda f\Leftrightarrow g’\leq 0$ $g:Iarrow \mathbb{R}$ $f(t)=e^{\lambda t}g(t)$ $(t\in I)$ .
(ii) $f’\geq\lambda f\Leftrightarrow g’\geq 0$ $g:Iarrow \mathbb{R}$ $f(t)=e^{\lambda t}g(t)$ $(t\in I)$ .
2 $f:Iarrow \mathbb{R}$ , $f’$ $f$ . .
(i) $|f^{J}(t)-\lambda f(t)|\leq\epsilon$ $(t\in I)$ .
(ii) $\theta:Jarrow \mathbb{R}$ .
$0\leq-\lambda\theta^{J}(u)\leq 2\epsilon$ $(u\in J)$ ,
$f(t)= \frac{\epsilon}{\lambda}+\theta(e-\lambda t)e^{\lambda}t$ $(t\in I)$ .
$\theta^{J}$
$\theta$ .
1 $\theta$ $\frac{2\epsilon}{\lambda}$ -lipschitz . $u,$ $v\in J:u\neq v$ , ,
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2 2 $J$ $\theta$ ,
$u$
Jim $J\theta(u)$ . $\epsilon=0$
$\theta’=0$ , $\theta$ . Jim $\theta(u)$ . $\epsilon>0$
$u \searrow\inf J$
.
$\sup_{v\in J}\theta(v)<\infty$ . $\sup_{v\in J}\theta(v)=\infty$ , $v_{1}\in J$
$\theta(v_{1})>1$ . $v_{2}\in$ $\theta(v_{2})>\theta(v_{1})+1$ .
$v_{2}$ $v_{1}$ . $v_{2}\geq v_{1}$ , $0\leq-\lambda\theta’(u)\leq 2\epsilon$ $\lambda>0$ , $\theta^{J}\leq 0$
. $\theta(v_{2})\leq\theta(v_{1})$ . $\theta(v_{2})>\theta(v_{1})+1$ . $\vee\supset$
$v_{2}<v_{1}$ . $\theta(v_{n+1})>\theta(v_{n})+1$ $v_{n}\in J$ : $v_{n+1}<v_{n}$ $(n\in \mathrm{N})$
$\lambda$
. , $m\in \mathbb{N}$ $(0<)v_{mm+1}-v<--$ .
$2\epsilon$
$n\in \mathrm{N}$ $v_{n}-v_{n+1} \geq\frac{\lambda}{2\epsilon}$ $\frac{\lambda}{2\epsilon’}$, $v_{1}>0$ $\frac{\lambda}{2\epsilon}k>v_{1}$ $k\in \mathrm{N}$
,
$v_{1}$ $=$ $v_{k+1}+ \sum^{k}l=1(v_{\iota}-\cdot v\iota+1)$
$>$ $\sum_{l=1}^{k}\frac{\lambda}{2\epsilon}=\frac{\lambda}{2\epsilon}k$.
$\lambda$







$v_{0}\in J$ , $-\lambda\theta’(u)\leq 2.\epsilon$ $(u\in J)$ . $\sup_{v\in J}\theta(v)<\infty$
.
$\lim_{u\searrow\inf J}\theta(u)=\sup_{v\in J}\theta(v)$ . $\eta>0$ , $\sup_{v\in J}\theta(v)-\eta<\theta(u\mathrm{o})$
$u_{0}\in J$ . $\theta^{l}\leq 0$ , $u\leq u_{0}$ $\theta(u)\geq\theta(u_{0})$ .




3 $f:Iarrow \mathbb{R}$ , $f’$ $f$ .
$|f’(t)-\lambda f(t)|\leq\epsilon$ $(t\in I)$
125
, $c= \lim_{u\inf J}\theta(u)$
$|f(t)-ce^{\lambda}t| \leq\frac{3\epsilon}{\lambda}$ $(t\in I)$
.
[1] $|f’(t)-\lambda f(t)|\leq\epsilon$ , 3 Hyers-
Ulam stability .
1 $A$ Banach , $f:Iarrow A$ . $f$ , $t\in I$
$f’(t)\in A$ ,
$\lim_{sarrow 0}||f^{J}(t)-\frac{f(t+s)-f(t)}{s}||A=0$
. $||\cdot||_{A}$ ? $A$ .





4 $A$ Banach , $f:Iarrow A$ . $\lambda\in \mathbb{C}\backslash 0$
.
(i) $f^{l}(t)=\lambda f(t)$ $(t\in I)$
(ii) $g\in A$ $f(t)=e^{\lambda t}g$ .
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ .
$(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})g(t)=e-\lambda tf(t)$ $(t\in I)$ .
$g^{J}(t)=\{-\lambda f(t)+f^{J}(t)\}e-\lambda t=0$ $(t\in I)$ .
$g(t)$ $t\in I$ . $t_{0}\in I$ ,
$h(t)=g(t)-g(t_{0})$ $(t\in I)$
. $A$ $A^{*}$ A , A
$\frac{d}{dt}\{\Lambda(h(t))\}=\Lambda((h^{l}(t))=\Lambda(0)=0$ $(t\in I)$
. $h’(t)=0$ . $\Lambda\in A^{*}$ $c_{\Lambda}\in \mathbb{C}$
$\Lambda(h(t))=c_{\Lambda}$ $(t\in I)$ . $h(t_{0})=0$ $c_{\Lambda}=\Lambda(h(t\mathrm{o}))=\Lambda(0)=0$ ,
Hahn-Banach $h(t)=0$ $(t\in I)$ . $g\in A$ $g(t)=g$ $(t\in I)$
. $f(t)=e^{\lambda}gt$ . $\blacksquare$
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$C_{0}(X, \mathbb{R})$ Hausdorff $X$ ,
$0$ Banach . $f:Iarrow C_{0}(X, \mathbb{R})$
$||f^{J}(t)-\lambda f(t)||_{\infty}\leq\epsilon$ $(t\in I)$
, $k\in \mathbb{R}$ $g\in C_{0}(X, \mathbb{R})$ ?
$||f(t)-e^{\lambda}g|t|_{\infty}\leq k\epsilon$ $(t\in I)$ .
$||\cdot||_{\infty}$ $X$ $\sup-$ .
. $t\in I,$ $x\in X$
$f’(t)(_{X})= \frac{d}{dt}\{f(t)(x)\}$
$\frac{d}{dt}\{f(t)(x)\}-\lambda f(t)(X)|\leq\epsilon$ $(t\in I, x\in X)$
. 2 $x\in X$
$f(t)(x)= \frac{\epsilon}{\lambda}+\theta_{x}(e^{-\lambda t})e^{\lambda}t$ $(t\in I)$
. $\theta_{x}$ $J$ , .
$0\leq-\lambda\theta_{x}’(u)\leq 2\epsilon$ $(u\in J)$
2
$g(x)= \lim_{u\searrow\inf J}\theta x(u)$
well-defined . $g$ 3
$3\epsilon$
$||f(t)-e\lambda tg||_{\infty}\leq-$ $(t\in I)$
$\lambda$
. $g$ , $X$ .
4 $f:Iarrow C_{0}(X, \mathbb{R})$
$||f(t)’-\lambda f(t)||_{\infty}\leq\epsilon$ $(t\in I)$
. $\epsilon=0$ , 4 $f(t)=e^{\lambda}ht$
$h\in C_{0}(X, \mathbb{R})$ . 2 $t\in I,$ $x\in X$ $f(t)(x)=\theta_{x}(e^{-\lambda t})e^{\lambda}t$
$h(x)=\theta_{x}(e^{-\lambda t})$ $(x\in X, t\in I)$ .
$g$ , $x\in X$
$g(x)= \lim_{u\searrow\inf J}\theta(xu)=h(x)$
. $g\in C_{0}(x, \mathbb{R})$ .
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1 $f:Iarrow C_{0}(X, \mathbb{R})$
$||f(t)’-\lambda f(t)||_{\infty}\leq\epsilon$ $(t\in I)$
. $g$ $X$ .
4 $\epsilon>0$ . .
, $g$ $x_{0}\in X$ . $\eta 0>0$ , $x_{0}$
$V$ $z\in V$ ,
$|g(X_{0})-g(z)|\geq\eta_{0}$
. $g(X_{0})=_{u}$ Jim $J\theta_{x_{0}}(u)$
$|g(x \mathrm{o})-\theta x0(u)|<\frac{\eta_{0}}{4}$ $(u\in J:u<u\mathrm{o})$




. , $x-\neq\theta_{x}(u_{1})$ $X$ ,
(2) $| \theta_{x_{0}}(u_{1})-\theta(y)u_{1}|<\frac{\eta_{0}}{4}$ $(y\in W_{0})$
$x_{0}$ % .
(3) $|g(X_{0})-g(z)|\geq\eta_{0}$
$z\in W_{0}$ . ,
(4) $|g(_{Z})- \theta_{z}(u_{2})|<\frac{\eta_{0}}{4}$
$u_{2}\in J:u_{2}<u_{1}$ . (1), (2), (3), (4)
$|\theta_{z}(u_{2})-\theta z(u_{1})|$
$\geq$ $|g(Z)-g(x_{0})|-|\theta z(u2)-g(z)|$
















, ->X\iota $- \frac{2\epsilon}{\lambda}\leq\theta_{z}$
’
$(v)\leq 0$ . $g$ $X$
. . .: $-.-$ . .. $\blacksquare$
2 $C(X, \mathbb{R})$ Hausdorff $X$ Banach
. $f:Iarrow C(X, \mathbb{R})$ ,
$||f^{J}(t)-\lambda f(t)||\infty\leq\epsilon$ $(t\in I)$
. $g\in C(X, \mathbb{R})$
$3\epsilon$
$||f(t)-e^{\lambda t}g||_{\infty}\leq-$ $(t\in I)$
$\lambda$
.
3 $f:Iarrow C_{0}(X, \mathbb{R})$ ,
$||f’(t)-\lambda f(t)||_{\infty}\leq\epsilon$ $(t\in I)$
$go=g+ \frac{\alpha\epsilon}{\lambda}$ $0$ . $\alpha=\inf J$ .
4 $\epsilon>0$ . .
$g_{0}$
$0$ , . $\delta_{0}>0$
:




$u_{0}\in J$ . $t_{0}\in I:u_{0}=e-\lambda t_{0}$ t , $f(t_{0})\in C_{0}(X, \mathbb{R})$
$|f(t_{0})(x)|< \frac{\delta_{0}}{4}e^{\lambda t_{0}}$ $(x\in X\backslash K_{0})$
$X$ $K_{0}$ .
(7) $| \theta_{x}(u_{0})+\frac{\epsilon}{\lambda}u_{0}|<\frac{\delta_{0}}{4}$ $(x\in X\backslash K_{0)}$ .
1 $g_{0}(y\mathrm{o})|\geq\delta_{0}$




$v_{0}\in J:v_{0}<u_{0}$ . (6), (7), (8), (9)









$w\in(v_{0},$ $u_{0)}$ , $\theta_{y\text{ }}$
’






$0\text{ }\lambda \text{ }$
. $-^{\underline{2\epsilon}}\leq\theta_{y0}(W)’\leq 0$ .
$g_{0=}g+ \frac{\alpha\epsilon}{\lambda-}$
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4 $f:Iarrow C_{0}(X, \mathbb{R})$
$||f’(t)-\lambda f(t)||\infty\leq\in$ $(t\in I)$
. $go=g+ \frac{\alpha\epsilon}{\lambda}\in C_{0}(X, \mathbb{R})$ ,
$||f(t)-eg \lambda t0||\infty\leq\frac{4\epsilon}{\lambda}$ $(t\in I)$
.
1 3 $g_{0}\in C_{0}(X, \mathbb{R})$ .
$||f(t)-e^{\lambda t}g0||_{\infty}$ $\leq$ $||f(t)-eg| \lambda t|\infty+\frac{\epsilon}{\lambda}\alpha e\lambda t$
$\leq$ $\frac{\epsilon}{\lambda}(3+\alpha e^{\lambda t})$
,
$\alpha=\inf J\leq e^{-\lambda t}$ $(t\in I)$
$||f(t)-e^{\lambda}g0|t|_{\infty} \leq\frac{4\epsilon}{\lambda}$ $(t\in I)$
. $\blacksquare$
5 $I=(a, \infty)$ $(-\infty\leq a<\infty)$ . $f:Iarrow C_{0}(X, \mathbb{R})$ ,
$||f(t)-\lambda\prime f(t)||_{\infty}\leq\epsilon$ $(t\in I)$
. , $\lim_{tarrow\infty}k(t)e^{-}=0\lambda t$ $k:Iarrow \mathbb{R}+$ ,
$||f(t)-e^{\lambda}ht||_{\infty}\leq\epsilon k(t)$ $(t\in I)$
$h\in C_{0}(X, \mathbb{R})$ , $g=h$ . $\mathbb{R}_{+}=\{r\in \mathbb{R}:r\geq 0\}$ .
$\inf J=0$ , 1, 3 $g\in C_{0}(X, \mathbb{R})$ ,
$||f(t)-e \lambda tg||_{\infty}\leq\frac{3\epsilon}{\lambda}$ $(t\in I)$
. , $h\in C_{0}(x, \mathbb{R})$
$||f(t)-e^{\lambda}ht||_{\infty}\leq\epsilon k(t)$ $(t\in I)$
, $g=h$ .
$||g-h||\infty$ $\leq$ $||g-e^{-\lambda t}f(t)||\infty+||e^{-}f\lambda t(t)-h(t)||_{\infty}$
$\leq$ $\{\frac{3}{\lambda}+k(t)\}\epsilon e-\lambda tarrow 0$ $(tarrow\infty)$
, $g=h$ . $\blacksquare$
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[1] C. Alsina, R. Ger, On some inequalities and stability results related to the exponential
function, J. of Inequal. &Appl., 2 (1998), 373-380.
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